A fold map is a smooth map at each singular point of which it is represented as a suspension, of a Morse function or a product of a Morse function and the identity map on an open ball. A special generic map is a fold map such that the Morse function before is a natural height function on an unit disc. The class of special generic maps include a Morse function with just 2 singular points on a closed manifold, characterizing a sphere topologically (except 4-dimensional cases) as the Reeb's theorem ([22]) shows, and canonical projections of unit spheres.
Introduction and fold maps.
This paper is on explicit fold maps on 7-dimensional closed manifolds. Fold maps are, in short, higher dimensional versions of Morse functions and important tools in studying geometric properties of manifolds in the branch of the singularity theory of differentiable maps and application to geometry of manifolds as Morse functions are in so-called Morse theory: Morse theory is in a sense regarded as a classical theory of the singularity theory of differentiable maps. 7-dimensional manifolds form an interesting class of manifolds. Especially, Milnor's discovery of 7-dimensional homotopy exotic spheres [19] has made this class more attaractive and this class is still attractive. Recent attractive studies on these manifolds are [2] , [3] , [18] for example.
Throughout this paper, manifolds and maps between them are smooth and of class C ∞ and for bundles whose fibers are manifolds, the structure groups are subgroups of the diffeomorphism groups unless otherwise stated.
A linear bundle is a bundle whose fiber is an unit sphere or an unit disc and whose structure groups act linearly in a canonical way. A singular point of a differentiable map c is a point at which the rank of the differential of the map drops. The set S(c) of all singular points is the singular set of the map. The singular value set is the image of the singular set. The regular value set of the map is the complement of the singular value set. A singular (regular) value is a point in the singular (resp. regular) value set.
1.1. Fold maps. A smooth map between an m-dimensional smooth manifold without boundary into an n-dimensional smooth manifold without boundary is said to be a fold map if at each singular point p, the map is represented as (x 1 , · · · , x m ) → (x 1 , · · · , x n−1 ,
for some coordinates and an integer 0 ≤ i(p) ≤ m−n+1 2 For a fold map, the following hold.
• For any singular point p, i(p) is unique (i(p) is called the index of p).
• The set consisting of all singular points of a fixed index of the map is a closed submanifold of dimension n − 1 of the source manifold. • The restriction map to the singular set is an immersion of codimension 1.
Special generic maps.
A special generic map is a fold map such that the index of each singular point is 0. A Morse function on a closed manifold with just 2 singular points, characterizing a sphere topologically (except 4-dimensional cases), and the canonical projection of an unit sphere are simplest special generic maps. It is an interesting fact that special generic maps restrict the topologies and differentiable structures strongly in considerable cases. For example, exotic homotopy spheres of dimension m > 3 do not admit special generic maps into R m−3 , R m−2 and R m−1 . For integers m > n ≥ 1, on an m-dimensional manifold represented as a connected sum of manifolds represented as products of two standard spheres, we can easily construct a special generic map into R n . However, for example, 4dimensional manifolds homeomorphic to these manifolds and not diffeomorphic to them do not admits special generic maps into R 3 . For these studies, see [21] , [23] , [24] , [25] , [26] and [29] for example.
1.3. Explicit fold maps on 7-dimensional manifolds and application to algebraic and differential topology of manifolds. We can see that every homotopy sphere of dimension m admits a fold map into R n satisfying m ≥ n ≥ 1 by the theory on existence of fold maps via homotopy principle by [5] and [6] . The author has constructed explicit fold maps into R 4 on every 7-dimensional homotopy sphere. The author has also discovered that the topologies of the singular value sets and the differentiable structures are closely related (Corollary 1).
Motivated by these studies, in the present paper, we study explicit fold maps on 7-dimensional manifolds, which produce interesting problems on algebraic and differential topology of manifolds. We will see new explicit fold maps on various 7dimensional manifolds and explore meanings in algebraic and differential topological theory of manifolds.
1.4. The content of the paper and acknowledgement. The organization of the paper is as the following. In the next section, we review fundamental properties and known results on special generic maps and some other classes of fold maps and manifolds including 7-dimensional ones admitting them: Corollary 1 is one of most meaningful results with respect to the main theme of the present paper implying that types of fold maps into R 4 restrict the differentiable structures of the 7-dimensional homotopy spheres (the author has obtained before and presented in [9] for example). The last section is devoted to new algebraic and differential topological results on fold maps on 7-dimensional closed manifolds and the presentation of new explicit fold maps on these manifolds. Theorem 4 is on characteristic classes (1st Pontryagin classes) and Theorem 5 presents a family of new explicit fold maps with information of 7-dimensional manifolds admitting these maps.
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Special generic maps and round fold maps
Throughout this paper, M is a closed manifold of dimension m, n < m is a positive integer and f : M → R n is a smooth map unless otherwise stated.
2.1. Fundamental differential topological properties of special generic maps and manifolds admitting them. We introduce fundamental properties and propositions on special generic maps. See articles referred in section 1 and as articles related stuffs are included, see also [8] , [9] , [10] , [11] , [12] , [13] and [27] for example.
Proposition 1. Let m > n ≥ 1 be integers.
(1) For a closed and connected manifold of dimension m, if it admits a special generic map into R n , then it is regarded as a composition of a smooth map onto a compact and connected manifold of dimension n and an immersion into R n . Furthermore, the boundary of the compact manifold coincides with the singular value of the former surjective smooth map. The surjective map satisfies the following. (a) On the inverse image of the interior of this map, the map onto this interior gives a S m−n -bundle. (b) On the inverse image of a small collar neighborhood of the target space, the composition of the map onto this neighborhood and the canonical projection onto the boundary gives a linear S m−n+1 -bundle. (2) For a compact and connected manifold of dimension n we can immerse into R n , there exists a closed and connected manifold of dimension m admitting a special generic map into R n such that the n-dimensional manifold explained in the previous statement is diffeomorphic to the given ndimensional manifold and that the special generic map is represented as the composition of the smooth surjection as in the previous statement with an immersion of the manifold into R n .
In this proposition, for a special generic map f on an m-dimensional manifold into R n , we denote the compact manifold of dimension n we can immerse into R n by W f and we denote the smooth surjection by q f : M → W f . Example 1. Let m > n ≥ 1 and k be integers. A closed and connected manifold M of dimension m represented as a connected sum of manifolds of a family {S kj × S m−kj } k j=1 satisfying 1 ≤ k j ≤ n − 1. Then M admits a special generic map f : M → R n such that the following hold.
(1) W f is represented as a boundary connected sum of manifolds of a family
The S m−n -bundle and the S m−n+1 -bundle in Proposition 1 are trivial smooth bundles. More precisely, in the case n = 2, 3, closed manifolds represented as a connected sum of total spaces of S m−kj -bundles over S kj are (almost) completely characterized as manifolds admitting special generic maps into R n . See [23] , [24] and [25] for example.
Proposition 2. For a special generic map f on an m-dimensional closed and connected manifold M into R n satisfying m > n ≥ 1, M is bounded by a compact and connected PL manifold W which collapses to W f . Especially, if m − n = 1, 2, 3, then we can take W as a smooth manifold.
Proposition 3. For a special generic map f on an m-dimensional closed and connected manifold M into R n satisfying m > n ≥ 1, q f induces isomorphisms between the homology groups, cohomology rings and homotopy groups of degree j ≤ m − n. Moreover, in the situation of Proposition 2, q f is represented by the composition of the inclusion and the natural map giving the collapsing from W to W f . Proposition 4. The following are equivalent for a special generic map f on an mdimensional closed and connected manifold M into R n satisfying m > n ≥ 1.
(1) M is a homotopy sphere.
(2) The manifold W f is contractible.
, [24] and [29] ). Let a > b ≥ 1 be integers satisfying a > 3 and b = a − 3, a − 2, a − 1. Every exotic homotopy sphere of dimension a does not admit a special generic map into R b . Furthermore, 7-dimensional oriented homotopy spheres of 14 types of all the 28 types do not admit special generic maps into R 3 .
Proposition 5 ( [21] ). For a special generic map f on an m-dimensional closed and connected manifold M such that H 1 (M ; Z) is zero into R n satisfying m > n ≥ 3, H 1 (W f ; Z) is zero and H n−2 (W f ; Z) and H n−1 (W f ; Z) are free.
2.2.
Round fold maps. We review round fold maps, introduced by the author first in [8] , [9] and [10] .
For a fold map f satisfying m ≥ n ≥ 2, f is said to be a round fold map if the restriction to the singular set is embedding and the image is concentric spheres.
Example 2. The canonical projection of the unit sphere of dimension m ≥ n ≥ 2 into R n and some special generic maps on homotopy spheres.
Definition 2. For each connected component C of the singular value set of a round fold map f : M → R n , there exists a small closed tubular neighborhood and if we consider the restriction of f to the inverse image of the closed tubular neighborhood and composition of this with a canonical projection to C, then we have a smooth bundle over C.
If this bundle is trivial for each C, then f is said to be componentwise trivial. Maps just before are componentwise trivial.
, [9] and [11] ). Let m > n ≥ 2 be integers. We can construct a componentwise trivial round fold map on a manifold represented as a connected sum of total spaces of S m−n -bundles over S n into R n satisfying the following. This is owing to the theorem with [4] , [19] etc..
). Every 7-dimensional homotopy sphere admits a round fold map as in Theorem 2 into R 4 . Moreover, the number of connected components of singular values restrict the differentiable structure of the oriented homotopy sphere as the following (there are 28 types of oriented homotopy spheres as explained in Theorem 1).
(1) The number is 1 if and only if the homotopy sphere is a standard sphere.
(2) The number is 2 if and only if the homotopy sphere is one of 16 types of the 28 types (oriented homotopy spheres of these 16 types are represented as the total spaces of S 3 -bundles over S 4 and a standard sphere is one of these 16 types). (3) Every 7-dimensional oriented homotopy sphere admits a round fold map into R 4 as in Theorem 2 such that the number of connected components of the singular value set is 3 (oriented homotopy spheres of the 28 − 16 = 12 types of the 28 types are not represented as the total spaces of S 3 -bundles over S 4 but represented as connected sums of these total spaces). The following is well-known. See [19] and see also [2] for example. Note that smooth S 3 -bundles are linear by the theory [7] . Note also that we consider oriented linear bundles: structure groups are rotation groups and fibers are oriented. See [20] and [28] for general theory of vector bundles, linear bundles and bundles whose fibers are more general spaces.
Theorem 3.
(1) Oriented S 3 -bundles over S 4 , which are linear and obtained by gluing two copies of trivial S 3 -bundles over D 4 by a bundle isomorphism between the bundles defined on the boundaries, are classified by π 3 (SO(4) ), isomorphic to Z ⊕ Z. More precisely, they are completely classified by the Euler classes and cohomology classes obtained by certain procedures such that the 1st Pontryagin classes are twice these classes.
(2) Fix a generator of H 4 (S 4 ; Z). Consider the total space M a of an oriented S 3 -bundle over S 4 such that the Euler class is a times the generator. Then this is 2-connected and H 3 (M a ; Z) is isomorphic to Z/|a|Z. We have a result. 
Proof. For f , consider the restriction of f to a small closed tubular neighborhoodN (F ) of F , giving a trivial F -bundle over a standard closed disc of dimension 4. Consider exchanging a bundle isomorphism to attach the tubular neighborhood to the complement M − IntN (F ). The bundles on the boundaries are both trivial S m−nbundles over S 3 . We may assume that the cycle representing d[F ] and F intersect in a set of finitely many points. The cycle is locally a 4-dimensional ball around each point of the finite set. By the conditions on the order and divisibility of [F ] and the last statement of Theorem 3 together with fundamental discussions on the obstruction theory of linear bundles, we consider the composition of the original bundle isomorphism for the identifications of the two bundles of the boundaries and a suitable bundle isomorphism regarding the bundles as linear bundles and as a result we naturally obtain a new map f ′ satisfying the second and the third conditions: the last statement of Theorem 3 together with fundamental discussions on the obstruction theory of linear bundles also contribute to the proof of the first condition.
In the following example, to understand Theorem 4 explicitly, we introduce a procedure of constructing a new fold map from a given fold map by a kind of surgery operations based on discussions in [8] and [9] . Also, [15] , [16] and [17] are closely related to them and have motivated the author to present these preprints. This is also important in the following subsection.
Let f : M → R n be a fold map on an m-dimensional closed manifold into R n satisfying the relation m > n ≥ 1 and S be a point or a standard sphere in the regular value set such that the projection f | f −1 (S) : f −1 (S) → S is a trivial S m−nbundle over S, Consider a small closed tubular neighborhood N (S). Then we can construct a fold map f ′ on an m-dimensional closed manifold M ′ into R n .
(1) f ′ (S(f ′ )) = f (S(f )) ⊔ ∂N (S).
(2) For a small closed tubular neighborhood N ′ (S) of S satisfying N (S) ⊂ IntN ′ (S), there exists a diffeomorphism Φ : We call this procedure of constructing f ′ from f a trivial bubbling operation with standard spheres. The standard sphere of a point S is called the generating manifold of the operations.
Example 3. For example, let m > n ≥ 1 be integers and let f M → R n be a special generic map on an m-dimensional homotopy sphere into R n whose restriction to the singular set is an embedding and the singular set is diffeomorphic to S n−1 (a two point set in the case n = 1). Let S be a point in the interior of the image. Then by a trivial bubbling operation with standard spheres whose generating manifold is a point, we obtain a new fold map f ′ : M ′ → R n : in the case n ≥ 2, the resulting map is a componentwise trivial round fold map presented in Theorem 2 whose singular set consists of two connected components. In the cases n = 4, note that in considerable cases, there exists a connected component of the inverse image of a regular value satisfying the assumption of Theorem 4 and the non-trivial homology class generate.
3.2.
New examples of fold maps on 7-dimensional manifolds and the topologies of these 7-dimensional manifolds.
Lemma 2. Let R be a commutative ring. For a special generic map f : M → R n with m > n ≥ 1, two integers 0 ≤ j 1 , j 2 ≤ m − n satisfying j 1 + j 2 ≥ n and for classes c i ∈ H ji (M ; R) (i=1,2), the product of c 1 and c 2 vanishes.
Proof. From Proposition 2, M is bounded by a compact PL manifold W simple homotopy equivalent to W f , which is a compact manifold of dimension n and has the homotopy type of an (n − 1)-dimensional polyhedron. We apply Proposition 3 to complete the proof. We denote the inclusion by i : M → W . For the classes c 1 ∈ H j1 (M ; R) and c 2 ∈ H j2 (M ; R) satisfying j 1 + j 2 ≥ n, by Proposition 3, the product of i * −1 (c 1 ) and i * −1 (c 2 ), which are well-defined, vanishes. If we restrict this to M , then we obtain the product of c 1 and c 2 and this vanishes.
The following plays important roles in Theorem 5. Proposition 6. Let m > n ≥ 1 be integers and M be an m-dimensional closed manifold. We also assume the relation 0 < n−dim S < m−n < n < m−n+dim S < m. Let S be a standard sphere or a point embedded in R n so that the normal bundle is trivial. For a smooth map f : M → R n to which we can perform a trivial bubbling operation with standard spheres whose generating manifold is S, we can perform such an operation so that for the resulting new map f ′ : M ′ → R n , the following hold.
(1) H j (M ′ ; Z) is isomorphic to H j (M ; Z) ⊕ Z for j = n − dim S, m − n, n, m − n + dim S.
Proof. We represent the change of the image of f by a trivial bubbling operation with standard spheres whose generating manifold is S in FUGURE 2 and FIGURE 3. We discuss the topologies of some manifolds and maps on them related to the proof.
N (S) is a small closed tubular neighborhood of S and regarded as a trivial D n−dim S -bundle by the assumption on the normal bundle. f | f −1 (N (S)) gives a triival S m−n -bundle over N (S) and regarded as the product of a trivial S m−nbundle over D n−dim S and the identity map id S . We can construct f ′ so that f ′ | f ′−1 (N (S)) is regarded as the product of a smooth map as presented in FIGURE  3 and the identity map id S .
D is a fiber of a small closed tubular neighborhood N ′ (S) of S satisfying N (S) ⊂ IntN ′ (S) as presented in the definition of a trivial bubbling operation with standard spheres: N ′ (S) is also a trivial bundle over S. We explain about the structure of the map in FIGURE 3. This is obtained as a restriction of a round fold map on S n−dim S × S m−n into R n in Theorem 2 or a map as in Example 3 whose singular set consists of two connected components to a compact submanifold obtained by removing the interior of a small closed tubular neighborhood of S n−1 × { * } ⊂ S n × S m−n for a point * ∈ S m−n (for n ≥ 2 and we can naturally obtain this for n = 1: see [11] ) where S n−1 is an equator of S n . For the construction of the original round fold map, see [8] and [9] and see also [11] .
By the observartion of the topologies of f ′ −1 (N (S)) and f −1 (N (S)), we can construct f ′ so that for the resulting manifold M ′ , the two conditions hold by taking the bundle isomorphism between the trivial S m−n -bundles over ∂N (S) on the boundaries for the identification suitably. We explain about the summand Z of H j (M ; Z) ⊕ Z, isomorphic to H j (M ′ ; Z). For j = n − dim S, it is generated by S n−dim S × { * ′ } ⊂ S n−dim S × S m−n in the source manifold of the map in FIGURE 3: we must take a point * ′ sufficiently far from * . For j = m − n, it is generated by {p} × S m−n ⊂ S n−dim S × S m−n : we must take p not in the equator S n−dim S−1 . For j = n, m − n + dim S, we consider the product of S and the submanifolds representing the generators of the subgroups of the (n − dim S)-th and (m − n + dim S)-th homology groups of M ′ before.
The third condition is clear from the construction. This completes the proof.
The following is another new result of the present paper. We apply Proposition 6 for (m, n, dim S) = (7, 4, 2).
Theorem 5. Let A, B and C be free finitely generated commutative groups of rank a,b and c, respectively. For each integer 1 ≤ i ≤ b, let {a i,j } a j=1 be a sequence of integers. Let p ∈ B ⊕ C. Then there exsits an 7-dimensional closed and simplyconnected spin manifold M and a fold map f into R 4 satisfying the following. Proof. We consider a special generic map f 0 into R 4 on a manifold represented as a connected sum of a ≥ 0 copies of S 2 × S 5 . Note that the manifold is spin: we will apply Proposition 3 one after another and this is a main ingredient. First we can choose a family consisting of 2-dimensional standard spheres and points embedded disjointly in the interior of the image of f 0 so that the following hold.
(1) The number of the 2-dimensional standard spheres is b ≥ 0 and the number of the points is c ≥ 0: we denote the family of the 2-dimensional standard spheres by {S j } b j=1 .
(2) For the image, represented as a boundary connected sum of a copies of D 2 × S 2 , we denote a generator of the 2nd homology group of the j-th copy of D 2 × S 2 by a j or identify the generator with a j ∈ A of the assumption. The class S i represents is represented as Σ a j=1 a i,j a j ∈ H 2 (W f0 ; Z). Note that for the second condition, the relation 2 × 2 = 4 and the trivial fact that a 2-dimensional standard sphere is embedded in the 4-dimensional space as a codimension 2 embedding are essential with several discussions on [1] and [30] . We can perform trivial bubbling operations with standard spheres one after another so that each submanifold is the generating manifold (in the image of each step) for each operation. We can perform the operations so that for the resulting map and the source manifold, the first, fourth, fifth and sixth conditions hold from Proposition 6. For the second condition, the class S i represents is represented as Σ a j=1 a i,j a j ∈ H 2 (W f0 ; Z) is a key: consider the product of a cocycle regarded in the dual of the class represented by S n−dim Si × { * } ⊂ S n−dim Si × S m−n in the proof of Proposition 6 (we denote this by b i or identify this with b i ∈ B in the assumption as we have done for a j 's before) and the cocycle in the dual of the class a j and value at the cycle represented as the tensor product of a cycle in the class Σ a j=1 a i,j a j and a cycle in the class represented by S n−dim Si × { * } ⊂ S n−dim Si × S m−n before. Note also that we can identify H 2 (M ; Z) with H 2 (W f ; Z) naturally or by Proposition 3. The third condition follows from Theorem 4 and a discussion in the proof of Proposition 6: consider a connected component of an inverse image consisting of two copies of S 3 of a regular value and apply Theorem 4.
This completes the proof.
On the discussion on cohomology rings, see also [13] and [14] for example.
Corollary 2. In Theorem 5, if at least one of the following hold, then M does not admit a special generic map into R 4 .
(1) p ∈ B ⊕ C is not zero.
(2) In {a i,j } a j=1 , at least one non-zero number exists, Proof. From Lemmas 1 and 2, we have the result.
For the family of 7-dimensional manifolds we can obtain in Theorem 5 with Corollary 2, their homology groups and fundamental groups are isomorphic to those of some 7-dimensional manifolds admitting special generic maps in Example 1 into R 4 . Moreover, Propositions 3 and 5 states that homology groups of 7-dimensional closed and simply-connected manifolds admitting special generic maps into R 4 are isomorphic to these groups. This implies that special generic maps restrict cohomology rings and characteristic classes of 7-dimensional closed manifolds in considerable cases. Moreover, as Corollary 1 explicitly shows, Theorem 2 may show that fold maps such that the restrictions to the singular sets are embeddings and that inverse images of regular values are disjoint unions of spheres on 7-dimensional closed manifolds (into R 4 ) may cover a considerably wide class of 7-dimensional manifolds (as source manifolds)
